Abstract. The linearized stability of stationary solutions for the surface diffusion flow with a triple junction is studied. We derive the second variation of the energy functional under the constraint that the enclosed areas are preserved and show a linearized stability criterion with the help of the H −1 -gradient flow structure of the evolution problem and the analysis of eigenvalues of a corresponding differential operator.
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Introduction. The surface diffusion flow
is a geometrical evolution law which describes the surface dynamics for phase interfaces, when mass diffusion only occurs within the interface. Here, V is the normal velocity of the evolving surface, ∆ S is the surface Laplacian, and H is the mean curvature of the surface. The basic property of this flow is that the perimeter of an enclosed volume decreases whereas the volume is conserved.
It follows from µ 
Since the curvature of ∂Ω is represented as
we are led to the desired result.
which fulfill ρ i ( · ; 0) ≡ 0 and µ i (0) = 0. Then we choose a variation u(ε) = (u 1 (ε), u 2 (ε), u 3 (ε)) ∈ M with variation vector field
Remark 3. (14) means that η = (η 1 , η 2 , η 3 ) is in the tangential space to M.
Then we have the following lemma.
Lemma 4. Let u(ε) ∈ M be a variation with the variation vector field η satisfying (14).
Then it follows from u(ε) ∈ M that B ij (u i (ε), u j (ε)) = 0, so that we have
is the first variation of a functional B ij around a stationary solution in the direction (η i , η j ). This implies that
By means of (15), we see
Then it follows from the angle conditions for the stationary solutions Γ
mutually different, so that we derive
Setting c i := cos θ i and s i := sin θ i , we have
Further, (5) and (14) imply
Since we observe
where γ i is the constant concerning the surface energy and Lemma 5 (The first variation of E Γ ). Let u(ε) ∈ M be a variation with the variation vector field η satisfying (14). Then
Proof. Using Lemma 1, we observe
By means of (14), we have the desired result.
) be a variation which has the variation vector field
where h i * is the curvature of ∂Ω at Γ i * ∩ ∂Ω. Proof. Using Lemma 1, we obtain
This implies that
Then, by means of ξ
and Lemma 2, we have
This leads to the desired result.
Let D ij be a domain enclosed by Γ i , Γ j and ∂Ω. Also, let Q(s) be an arc-length parameterization of ∂Ω which satisfies
where
Thus the area constraint is given by
Then we obtain the following lemmas.
where η i and η j satisfy (14). Then
Proof. Set
Then we obtain that Area 
By means of the integration by parts and Φ i * (0) = (0, 0), we are led to
Let us derive δG
. Then these imply that
Thus, by (20), (21), and (22), we have the desired result.
Then it follows from Lemma 7 that if the variation preserves areas, they satisfy 
+ 2
. Using Lemma 1, (17), and
we obtain
Thus, by means of (24), (25), and Area
, we are led to the desired result.
i * is a extremal value of the energy functional under the area constraint, we have
where λ 1 , λ 2 ∈ R. Then, by means of Lemma 5 and Lemma 7, we obtain
That is, it follows that
Since v i (i = 1, 2, 3) are arbitrary functions, we obtain
Recalling
Let us consider the second variation under (26). Set
Then δΞ Γ (0)[η] = 0. By means of Lemma 6, Lemma 8, and
.
Using Lemma 4, we obtain
where s i = sin θ i and c i = cos θ i . Here we see
Applying a similar argument, we have
Then, using γ 1 κ 1 * + γ 2 κ 2 * + γ 3 κ 3 * = 0 and (5), we are led to
for (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2) . This leads to
Remark 9. We remark that this kind of bilinear form also appears in the analysis of the double bubble, see [6] and [10] .
4. Gradient flow structure and stability analysis. This section is a survey of [4] . The details will appear in [4] .
4.1. Gradient flow structure. Let us first introduce the linearized system for the nonlinear problem (8)- (10), which is the first variation of (8)- (10) around a stationary solution. Using Lemma 1 and the fact that
the linearization of (8) is represented as
for σ ∈ (0, l i ) and i = 1, 2, 3. To get (27), we apply a similar argument to [3, Lemma 3.2]. Further, we have
and the linearizations of (9) are given by 1
at σ = 0, and those of (10) are given by
. (29) are derived from the angle conditions in (9) by applying the same argument as for (17) and also using Lemma 4 and (5). As to (30), (31), and (33), see [3, Lemma 3.2 and 3.3] . To get (32), we apply a similar argument to [3, Lemma 3.3] .
Set
is Sobolev space and ·, · is the duality pairing between (H 1 (0, l i )) and
Note that we need w 1 , 1 = w 2 , 1 = w 3 , 1 in X to analyze the linearized system (27)-(33) since the original geometric problem (2)- (4) has area-preserving property. In addition, we define the inner product as
Then we obtain the following proposition which ensures that the linearized system has the gradient flow structure.
is a weak solution of
with the boundary conditions (28)-(33) if and only if
Proof. Let v be a weak solution of the linearized system. Setting
Using 29), and (32), we are led to the desired result.
Stability analysis.
Let us study the spectrum for the linearized system (27)-(33). Set
, and
Then the linearized operator A : D(A) → X is given by
Then, using Proposition 10, we obtain for all ϕ ∈ E (Av, ϕ)
For this operator A, we have the following proposition. Remark 12. The proof of Proposition 11 will appear in [4] .
To establish the linearized stability, the following lemma is helpful.
Lemma 13. Let λ 1 ≥ λ 2 ≥ λ 3 ≥ · · · be the eigenvalues of A (taking the multiplicity into account).
Here Σ n is the collection of n-dimensional subspaces of E and W ⊥ is the orthogonal complement of W with respect to the H −1 -inner product. 
Then it follows from the first assumption of (35) and (5) that
Also, the third assumption of (35) 
and the bilinear form
The following lemma is needed in order to analyze the stability of Γ * =
where N U is the number of the positive eigenvalues and N N is the number of the zero eigenvalues. Consequently, we see that S 1 is a criterion of the stability under the assumption (35). 
